We present a theory of radio-frequency spectroscopy of impurities interacting with a quantum gas at finite temperature. By working in the canonical ensemble of a single impurity, we show that the impurity spectral response is directly connected to the finite-temperature equation of state (free energy) of the impurity. We consider two different response protocols: "injection, where the impurity is introduced into the medium from an initially non-interacting state; and "ejection, where the impurity is ejected from an initially interacting state with the medium. We show that there is a simple mapping between injection and ejection spectra, which is connected to the detailed balance condition in thermal equilibrium. To illustrate the power of our approach, we specialize to the case of the Fermi polaron, corresponding to an impurity atom that is immersed in a non-interacting Fermi gas. For a mobile impurity with a mass equal to the fermion mass, we employ a finite-temperature variational approach to obtain the impurity spectral response. We find a striking non-monotonic dependence on temperature in the impurity free energy, the contact, and the radio-frequency spectra. For the case of an infinitely heavy Fermi polaron, we derive exact results for the finite-temperature free energy, thus generalizing Fumi's theorem to arbitrary temperature. We also determine the exact dynamics of the contact after a quench of the impurity-fermion interactions. Finally, we show that the injection and ejection spectra obtained from the variational approach compare well with the exact spectra, thus demonstrating the accuracy of our approximate method.
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I. INTRODUCTION
Radio-frequency (rf) spectroscopy is a powerful probe of many-body physics in trapped ultracold atomic gases. Most notably, it has been used to extract the pairing gap in a strongly interacting Fermi superfluid [1, 2] and to measure thermodynamic quantities such as the Tan contact [3, 4] . There are typically two distinct rf spectroscopy schemes that can be experimentally deployed, as illustrated in Fig. 1 . The standard scheme [5, 6] , also known as direct or ejection spectroscopy, consists of preparing the interacting many-body system in equilibrium and applying an rf pulse to drive atoms from one spin state (↑) into another unoccupied spin state (↓) that does not interact with the surrounding atoms. Here the relevant observable is the fraction of the transferred atoms, which can be viewed as having been ejected from the interacting system. The opposite scheme [7, 8] is known as inverse or injection spectroscopy in the literature. In this case, one starts with a non-interacting system and the observable is then the fraction of atoms excited from the non-interacting to interacting spin states.
Injection spectroscopy has provided a particularly important tool for studying the behavior of quasiparticles or polarons [9] , which are created by immersing impurity atoms in a quantum medium such as a degenerate Fermi [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] or Bose [20] [21] [22] [23] [24] gas. Here one can experimentally access impurity properties such as the quasiparticle energy and lifetime, as well as their dependence on system parameters such as temperature and impurity mass. In parallel with experimental progress, a variety of theoretical approaches have been used to cal-culate the impurity injection spectrum, including variational approaches [22, [25] [26] [27] [28] [29] [30] , impurity T -matrix methods [31] [32] [33] [34] , the functional renormalization group [35] , the high-temperature virial expansion [36] , and diagrammatic quantum Monte Carlo (QMC) [37] . However, there are comparatively few theoretical treatments of the impurity ejection spectrum, which contains information about thermodynamic quantities such as the contact [18, 38] . Thus far, much of the work has focussed on the Fermi polaron at zero temperature [35, [39] [40] [41] , and there have only recently been studies of the finite-temperature case using different T -matrix approximations [42, 43] . ejection injection FIG. 1. Schematic illustration of ejection and injection spectroscopy. A rf pulse drives a transition between the interacting (↑) and non-interacting (↓) states, and the transfer rate of atoms is measured as a function of the rf frequency.
In this paper, which accompanies Ref. [44] , we show that the calculation of ejection spectra is considerably simplified by working in the canonical ensemble, where one has a single impurity in the medium. Specifically, we find that the impurity ejection spectrum is related to the corresponding injection spectrum via a simple factor involving the finite-temperature equation of state (free energy) of the impurity. This is not obvious at first sight arXiv:2002.01211v1 [cond-mat.quant-gas] 4 Feb 2020 since the two impurity spectra can have qualitatively different features; for example, the ejection spectrum exhibits a high-frequency tail that is related to the contact, whereas this feature appears to be absent in the injection spectrum. Moreover, this mapping holds regardless of the medium type or the system dimensionality.
As a concrete example, we apply our spectral relation to the well-studied case of the Fermi polaron. Here, for an infinitely heavy impurity, we can compute both injection and ejection spectra exactly [45] [46] [47] , which allows us to confirm our prediction as well as to benchmark approximate methods. We also calculate the impurity free energy and contact exactly for arbitrary temperature, thus generalizing Fumi's theorem [48] to finite temperature. To gain further insight into the exact solution, we determine how the contact relaxes towards its equilibrium value after a quench of the impurity-fermion interactions to unitarity. We show that the relaxation dynamics are fast, i.e., comparable to the Fermi time scale, which is consistent with experimental observations of the contact dynamics in a unitary Bose gas [49] .
For the case of a mobile impurity with mass the same as the fermion mass, we obtain approximate injection and ejection spectra using a recently developed finitetemperature variational approach [28] . Focussing on the quasiparticle peak in the spectrum, we extract the polaron energy as a function of temperature, and we compare it with the infinite-mass case. We also compute the impurity free energy and contact using our injectionejection relation and the sum rules for the spectral functions. We find that both the free energy and the contact display a striking non-monotonic dependence on temperature, which differs from the corresponding infinite-mass results but agrees with recent experiment [18, 44] .
The paper is organised as follows. In Sec. II, we present the definitions of ejection and injection spectra and their properties, including the connection to the standard Green's function approach. In Sec. III, we consider the thermodynamic quantities in the impurity problem, particularly the impurity free energy and contact. While Sections II and III are applicable to the general impurity problem, in Sec. IV we specialize to the case of the mobile Fermi polaron, for which we derive injection and ejection spectra as well as thermodynamic properties. In Sec. V, we then consider the limit of an infinitely heavy impurity in a Fermi gas for which we obtain exact spectra, explicitly demonstrating the relation between the injection and ejection protocols. Additionally, we generalize Fumi's theorem to finite temperature, which allows us to obtain the impurity free energy as well as the contact for arbitrary interaction strength and temperature. We conclude in Sec. VI.
II. IMPURITY SPECTRAL FUNCTIONS
We first discuss the relationship between the impurity injection and ejection spectral protocols, illustrated in Fig. 1 . Both have been utilized in experiments on polarons: the impurity injection spectrum has been measured in Refs. [12, 16, 19] in the context of the Fermi polaron and in Refs. [21] [22] [23] for the Bose polaron, while ejection spectra have been measured in Refs. [10, 13, 18] and [24] for the Fermi and Bose polarons, respectively.
The injection spectrum can be calculated using a variety of theoretical methods (as discussed in the introduction), whereas the ejection spectrum is more challenging to compute since one must consider a finite density of impurities within the usual grand-canonical formulation [35] . By contrast, we use here the canonical ensemble for the impurity where we can naturally take the limit of a single impurity, while still employing the grand canonical ensemble for the medium. We stress that this is not merely a technical detail. As we shall explicitly demonstrate, our formalism is simpler than previous approaches, and allows us to arrive at an important relationship between the different spectroscopic protocols.
We emphasize that the formalism introduced in this section is very general, as it applies to a single impurity immersed in any medium in thermal equilibrium, independent of dimensionality. That is, the medium can be fermionic, bosonic, two-component fermions in the BCS-BEC crossover below or above the critical temperature for superfluidity, or even systems beyond cold atoms. Furthermore, we also expect our results to hold for a finite density of impurities, as long as these are uncorrelated.
A. Definitions of spectral functions
Although the experimental protocols of injection and ejection spectroscopy appear different, we can still introduce a single Hamiltonian (with different initial states) to describe these:
(1)
HereĤ
describes the Rabi coupling due to an external rf field [50] that is turned on at time t = 0 (θ is the unit step function). Here, Ω R is the strength of the Rabi coupling, ω is the frequency measured from the bare ↓-↑ transition, and we have applied the rotating wave approximation. In the impurity creation operatorĉ † kσ , k is the momentum while σ =↓, ↑ represents the impurity (pseudo) spin degree of freedom. The associated dispersion is k = k 2 /(2M ) where k ≡ |k|, M is the impurity mass, and we work in units where both and k B are 1. We write the remainder of the Hamiltonian aŝ
is the non-interacting impurity Hamiltonian. Since at this stage we are discussing properties of the impurity spectral response that are independent of the precise nature of the medium, we do not explicitly specify the medium-only HamiltonianĤ med or the impurity-medium interaction HamiltonianÛ . Throughout this paper, we will assume that only the impurity in spin state σ =↑ interacts with the medium. In the following, we consider a single impurity immersed in a medium containing a macroscopic number of particles. For t < 0, the impurity is in a well-defined spin state and the system is in thermal equilibrium at a temperature T . As illustrated in Fig. 1 , once the rf field is applied at t > 0, ejection spectroscopy measures the particle transfer rate I ej (ω) starting from the interacting state ↑ to the non-interacting state ↓. Conversely, injection spectroscopy measures the transition rate I inj (ω) from the non-interacting state ↓ to the interacting state ↑.
Within linear response [51] , we calculate the transfer rates using Fermi's golden rule. This leads to
where we introduce the ejection and injection impurity spectral functions I ej , A ej and I inj , A inj . The sums are over impurity momentum p, and
is the Boltzmann momentum distribution density of the non-interacting impurity, with Z imp = p e −β p the single impurity partition function [52] . Here we have defined β ≡ 1/T . Most experiments performing rf spectroscopy on impurities have measured the momentum averaged spectra I ej and I inj , although the momentum-resolved ejection spectrum A ej of Fermi polarons in two dimensions was measured in Ref. [13] using angle-resolved photo-emission spectroscopy, while the injection spectrum A inj at zero momentum was measured for the threedimensional Bose polaron in Ref. [22] where impurities were transferred from a Bose-Einstein condensate. The spectral functions introduced in Eq. (5) take the form
Here, E ν (|ν ) corresponds to the eigen energy (state) of the interacting HamiltonianĤ int with a single impurity in state σ =↑, E n (|n ) corresponds to the eigen energy (state) for the noninteracting Hamiltonian of the medium without an impurity (i.e., the impurity vacuum), and Z int ≡ ν e −βEν and Z med ≡ n e −βEn are the corresponding partition functions. To distinguish the possible eigenstates, we represent the interacting states with the Greek letter ν and the non-interacting mediumonly states with the Latin letter n. The delta functions ensure energy conservation where we have defined E νnp ≡ E ν − E n − p . Likewise, the matrix element n|ĉ p↑ |ν vanishes unless momentum is conserved.
In the following, it is useful to introduce the density matrix associated with the interacting impurity and medium systemρ
as well as a density matrix of the medium onlŷ
With these definitions, we then define the trace over interacting states, Tr[ρ int · · ·] ≡ ν ν|ρ int · · · |ν , as well as the trace over medium-only states Tr[ρ med · · ·] ≡ n n|ρ med · · · |n .
B. Properties of spectral functions
The fact that A ej and A inj are related by a single Hamiltonian (1) suggests that there may exist an internal relation between the two spectral functions. Indeed, by utilizing the properties of the δ-functions in Eq. (7), we obtain the detailed balance condition,
For details of this derivation, see App. A. After summing up the impurity momentum contributions according to Eq. (5), we find
We emphasize that Eqs. (10) and (11) are key equations in this paper. They indicate that in the single-impurity limit, the two distinct experimental protocols of ejection and injection spectroscopy are closely related, such that we only need to know one to obtain the other. In fact, the prefactor in both relations,
, is related to the impurity free energy and can be independently measured, as we discuss in Sec. III. Importantly, A inj is typically simpler to calculate because it involves a thermal average with respect to the medium-only HamiltonianĤ med , rather than an average that involves all the interacting eigenstates. We also note that it is possible to arrive at a detailed balance condition for the case where both impurity spin states interact with the medium. This is discussed in App. B.
By integrating Eq. (7) over all frequencies, we immediately obtain the following sum rules,
where n int (p) ≡ Tr ρ intĉ † p↑ĉ p↑ is the impurity momentum distribution density of the interacting many-body system. From the above sum rules, we see that [52] 
where V is the system volume. Thus, in the thermodynamic limit, A ej (p, ω) → 0 while A inj (p, ω) remains finite. This is consistent with the vanishing ejection spectrum that one would obtain from a grand canonical Tmatrix approach when taking the single impurity limit, see, e.g., Ref. [41] . It is also consistent with the detailed balance condition in Eq. (10): We have Z imp ∼ V (and hence n B ∼ V −1 ), and furthermore Z med /Z int ∼ V −1 since the interacting states have one more particle (the impurity) than the medium-only states. We can additionally sum over impurity momentum to find
On the other hand, we can have situations where the spin-↑ impurity-medium interactions transfers the impurity to a different state, for instance a closed channel in a two-channel model. Only if this is not the case do we have the corresponding sum rule dω p A ej (p, ω) = 1. This point is discussed with a concrete example in Sec. IV.
C. Relation to impurity Green's function
We now relate our results to the impurity Green's function, which can be approximated using standard diagrammatic techniques. A series of straightforward manipulations (see App. C for details) allows us to arrive at an alternative representation for A ej and A inj introduced in Eq. (7):
whereĉ p↑ (t) is the time-dependent impurity operator in the Heisenberg picturê
Therefore, impurity spectroscopy is closely connected to the time-evolution of the impurity operator. We next define the retarded time-dependent impurity Green's function in the grand canonical ensemble for the medium, but restricted to a single impurity:
The spectral function is defined in terms of the Fourier transform
Note that throughout our discussions of Green's functions, we implicitly take ω to have an infinitesimal positive imaginary part [51] . By comparing Eqs. (17) and (18) with Eq. (15b), we see that the impurity injection spectral function is simply related to the spectral function via
D. Finite density of impurities
Detailed balance conditions are usually formulated using the grand canonical ensemble for both the impurity and the medium, see, e.g., Ref. [53] . This has the advantage that it explicitly allows one to treat a finite density of impurities; however it also complicates the calculations [35] . At a technical level, the finite impurity density results in additional poles in the complex energy plane. For completeness, we now outline the connection between these two approaches.
In this subsection, we thus consider a finite density of impurities at chemical potential µ ↑ . The grand canonical spin-↑ retarded Green's function is then [51] 
whereK ≡Ĥ int − µ ↑N↑ withN ↑ the spin-↑ number operator. The trace is over all Fock states (i.e., not restricted to either 0 or 1 impurity) which, to be concise, we still label by a Greek letter ν, andρ
Similarly to the single impurity scenario, Eq. (18), the spin-↑ spectral function is [53] 
where we find it convenient to measure the frequency from the chemical potential of spin ↑ fermions. The spectral function can be decomposed into two terms
A + and A − are known as the particle and hole parts of the excitation spectrum, respectively. They take the form (for details, see App. D)
As discussed in, e.g., Ref. [53] , the particle and hole parts of the spectrum are related by the detailed balance condition
which follows from analyzing the Lehmann representation of the Green's function [51] (see also App. D). This equation is reminiscent of the momentum-resolved singleimpurity detailed balance condition in Eq. (10), and can therefore be thought of as a grand canonical ensemble version of Eq. (10).
Let us now discuss how we can relate the grand canonical ensemble results to the case of a single impurity. The key observation is that in this limit, the impurity chemical potential µ ↑ → −∞. Thus, from Eq. (24) we see that A − (p, ω) → 0. More generally, we find that states with multiple impurities are suppressed in the traces in Eq. (23) by positive powers of e βµ ↑ . Therefore, in the limit of a single impurity, we simply have (App. D)
and hence
In the second of these equations we simply used the detailed balance conditions, Eq. (10) and (24). While Eq. (26) provides a direct relationship between the particle/hole parts of the impurity spectrum and the injection/ejection impurity spectral functions, we emphasize that the canonical ensemble formulation has several clear advantages. First, for a finite density of impurities, it is not possible to derive a detailed balance condition similar to Eq. (11) for the momentum averaged spectral response. Since the majority of experimental setups are limited to momentum-averaged spectra, this is a major difference. Second, as we discuss in the following section, the single impurity limit also allows us to directly extract thermodynamic properties.
III. IMPURITY THERMODYNAMICS
Before turning to a concrete example, we briefly discuss the thermodynamic properties of the medium with a single impurity, namely the free energy and the contact.
A. Free energy
We start by defining the impurity free energy as the difference between the free energy of the interacting and non-interacting systems: ∆F ≡ F − F 0 . The free energy is related to the partition functions defined in Sec. II, i.e., Z int ≡ e −βF and Z med Z imp ≡ e −βF0 . Therefore,
The ratio of partition functions in Eq. (27) also appears in the detailed balance conditions, Eqs. (10) and (11) . We can therefore rewrite these as
In particular, the detailed balance conditions indicate that the impurity free energy can be measured by simply comparing the injection and ejection spectra, since
is independent of ω. We expect that the free energy may be accurately measured in this manner close to a quasiparticle peak in the injection spectrum, as long as the energy difference between the peak and the T = 0 ground state does not greatly exceed the temperature. We also note that the quasiparticle peaks generally approach zero frequency (i.e., the bare ↓-↑ transition frequency) with increasing temperature, and therefore this provides an interesting reference point where we simply have
The sum rules allow us to derive two useful relations for the impurity free energy. From the detailed balance condition in Eq. (28a) and the sum rule in Eq. (12a), we find
where in the last step we used the Dyson equation to relate the impurity Green's function to the self energy Σ [51] . This is a useful representation since many theoretical approximations exist to calculate the self energy in various scenarios. Note that Z imp is independent of interactions, and is thus easy to compute. Furthermore, as discussed above in Sec. II B, the quantity p Tr ρ intĉ † p↑ĉ p↑ is 1 in cases where the impurity only exists in the state ↑, in which case we simply have
Alternatively, we can use the sum rule in Eq. (12b) together with the detailed balance condition in Eq. (28b) to obtain e β∆F = dω e −βω I ej (ω).
B. Contact
The other thermodynamic quantity that we consider is the contact, which is the conjugate to the interaction strength [54, 55] . It appears in a variety of contexts. Notably, it governs the high-frequency tails of rf ejection spectra [38] , the high-momentum occupation of interacting particles [54] , and it is related to the number of particles in the impurity dressing cloud [56] . For further details about the contact and its relations to other thermodynamic quantities, we refer the reader to Refs. [57, 58] .
We assume that the impurity interacts with a particular medium component (e.g., identical atoms in the same hyperfine state) via a short-range contact interaction. If this is characterized by a scattering length a, then we define the associated impurity contact as
where we have used the fact that F 0 is independent of the interaction, and we have assumed that all chemical potentials associated with the medium are held constant.
Here, we take the mass of the relevant medium particles to be m and define the reduced mass m r ≡ mM/(m+M ). Equation (34) directly relates the contact to the impurity free energy. Since the contact can be measured in a number of ways [38, 54, 57, 58] , this in principle provides an independent means of experimentally determining the impurity free energy. We also note that
where S is the entropy. Thus we expect ∂C ∂T → 0 in the limit of zero temperature since S → 0 for any interaction.
IV. MOBILE FERMI POLARON
We now apply our theoretical results to a concrete example, namely an impurity interacting attractively with a Fermi gas. This is the so-called Fermi polaron, which first appeared in the context of spin-imbalanced Fermi gases [59, 60] and has since been extended to other systems such as excitons in doped two-dimensional semiconductors [61] .
The injection spectrum of the mobile Fermi polaron contains three main features: an attractive polaron at negative energies, a repulsive polaron at positive energies [62, 63] , and a broad molecule-hole continuum in between [12] . While the corresponding ejection spectrum is typically harder to calculate, it is well understood in the zero-temperature limit, since the interacting many-body system is then restricted to be in its ground state. In this case, simple variational wave function approaches [56, 59, [64] [65] [66] [67] [68] [69] [70] have proved to be remarkably effective, being in excellent agreement with non-perturbative results from diagrammatic QMC [71] [72] [73] and fixed-node diffusion QMC [74, 75] . In the following, we employ a finite-temperature variational approach [28] that is a generalization of the original groundstate variational ansatz in Ref. [59] .
A. Model
To describe the Fermi polaron using the Hamiltonian (1) we take the medium to be fermionic. The medium-only part of the Hamiltonian takes the form
wheref † k creates a fermion with momentum k and mass m, and med k = k 2 /2m is the fermion dispersion. We explicitly treat the medium within the grand canonical ensemble and include the medium chemical potential µ.
Since we assume the medium to be in thermal equilibrium, the occupation is governed by the Fermi-Dirac distribution
Therefore, the chemical potential is related to the medium density n via
where Li is the polylogarithm. We also relate the density to the Fermi energy
In typical cold atom experiments, the short-range interactions between the medium particles and the impurity are well described by a two-channel model [76] ,
in which the interaction between the (open-channel) impurity with a fermion is mediated via a so-called closedchannel molecule. Hered † k is the closed-channel creation operator, d k = k 2 /[2(m + M )] is its dispersion, ν is the bare closed-channel detuning, and g is the strength of the interchannel coupling. To ensure that the model is ultraviolet convergent we introduce a momentum cutoff Λ above which the interactions are taken to vanish. We then relate the parameters of the model to physically measurable quantities via the process of renormalization. Calculating the low-energy scattering amplitude
within our model, we identify the s-wave scattering length a and the range parameter R * :
We remind the reader that m r = mM/(m + M ). When a > 0 there exists a single impurity-fermion bound state, with energy
This reduces to −1/(2m r a 2 ) in the limit where the scattering length greatly exceeds the range parameter. We also note that in the limit R * → 0,Û reduces tô
where u = −g 2 /ν is the effective coupling strength. In this limit, our results therefore reduce to those of the single-channel modelÛ 1-ch -see Ref. [44] .
B. Finite-temperature variational approach
To model the mobile Fermi polaron, we apply the finite-temperature variational principle to impurity dynamics developed in Ref. [28] in the context of the Fermi polaron and further extended to the Bose polaron in Ref. [29] . For completeness, we briefly review the method here; more details may be found in Ref. [28] . The key idea is to introduce an operatorĉ p↑ (t) that approximates the exact Heisenberg picture impurity operatorĉ p↑ (t) in Eq. (16) . We takeĉ p↑ (t) to have the form [28] 
{α} is a set of variational coefficients where α p;0 is the amplitude of the bare impurity operator, α p;q is the amplitude of the process where the impurity and a fermion have formed a closed-channel molecule, and α p;kq is the amplitude of the process where the impurity has scattered off a fermion. This expansion is similar in spirit to the Chevy ansatz that was introduced to extract the ground-state energy of the Fermi polaron [59] .
In order to minimize the error arising from this approximation, we introduce the error quantity ∆ p (t) = Tr ρ medεp (t)ε † p (t) , whereε p (t) = i∂ tĉp↑ (t) − [ĉ p↑ (t),Ĥ] is an operator that quantifies the error introduced in the Heisenberg equation of motion. The minimization condition ∂∆ p /∂α * p,j = 0 with (j = 0, q, kq) gives [28] (
where we have taken the stationary condition α p;j (t) = α p;j (0)e −iEt ≡ α p;j e −iEt . We have also defined p;q = 
We may choose these stationary operatorsφ (l) p to be orthonormal, which means Tr ρ medφ (m) pφ (n) † p = δ mn . Applying the boundary conditionĉ p↑ (0) =ĉ p↑ at t = 0, we finally arrive at the expression for the approximate impurity operator:
As we shall see in the following, the spectral and thermodynamic properties of the impurity can be related to the coefficients α (l) p,0 . If we knew these coefficients exactly, our results would be exact; however we will generally be calculating these by solving the set of equations (45) .
C. Spectral functions
We first discuss the impurity spectrum calculated within the variational approach. Substituting the ap-proximate impurity operator, Eq. (46), into Eq. (15b), we have the momentum-resolved injection spectrum [28] A inj (p, ω) = l |α (l)
Likewise, we may consider the experimentally relevant momentum-averaged spectrum
Since these spectra are discrete, in practice we convolve all spectral functions with a Gaussian of width σ 0 [26] . According to the detailed balance relations in Eq. (28), the impurity free energy ∆F is needed to fix the overall ratio between the injection and ejection spectra. This is easiest to determine in the single-channel limit R * → 0, since there is no closed-channel molecule. In this case we have p Tr ρ injĉ † pĉp = 1 − p Tr ρ injd † pdp = 1 which implies that dω p A ej (p, ω) = 1 -see Eq. (12a). We will therefore for simplicity take R * → 0 throughout this section. Using the injection spectrum (47), the detailed balance relation (28a) results in
The ejection spectrum thus takes the form
in the limit R * → 0. Moreover, the momentum-averaged ejection spectrum is
Notice the symmetry between the injection and ejection spectra: Since l |α p . In Fig. 2 , we show our calculated momentum-averaged injection and ejection spectra at unitarity for the equalmass (m = M ) Fermi polaron in the single-channel limit. Due to numerical limitations related to the potentially very large exponential prefactor in Eq. (28b), we limit our attention to temperatures above 0.4T F (T F is the Fermi temperature, which in our units equals the Fermi energy E F ) and to a relatively large Gaussian broadening of σ 0 /E F = 0.3. We see that for the lowest temperatures, the injection spectrum features an attractive polaron peak and a shoulder at positive frequency which is a combination of the molecule-hole continuum and the repulsive branch. This shoulder quickly disappears with increasing temperature, and it is also absent in the ejection spectrum due to the exponential suppression of the repulsive branch. Note that we have I ej (ω) I inj (−ω) in the high-temperature limit since the exponential prefactor in Eq. (28b) approaches 1 for the range of frequencies plotted in Fig. 2 . Figure 3 shows the corresponding peak positions in the spectra. At T = 0, both injection and ejection spectra are dominated by the attractive polaron peak at ω = −0.61E F [59] and +0.61E F , respectively. We see that in both cases the peak initially shifts to a larger magnitude of frequency with increasing temperature, before eventually going to zero at high temperature. This is consistent with the results of previous finite-temperature Green's function calculations [34, 42, 43] at a finite density of impurities. We note, however, that the experiment in Ref. [18] observed a more dramatic change in the ejection spectrum with temperature, where the peak shifted abruptly to zero frequency at much lower temperatures than what we are finding. This is likely linked to the weak repulsive final-state interactions in experiment, which shift the relative weights of the features in the spectrum.
D. Thermodynamic properties
We now turn to the finite-temperature equation of state for the mobile impurity in the single-channel limit. This is well characterized for the ground state at zero temperature [9] . For the equal-mass case m = M , the polaron undergoes a sharp single-impurity transition to a dressed dimer state at 1/(k F a) 0.9 [71, 72] , resulting in the loss of the polaron peak in the injection spectrum. The ejection spectrum loses the polaron peak even earlier at 1/(k F a) 0.75 [10] since the single-impurity transition is preempted by phase separation between a paired superfluid and excess fermions [68, 75] . Note that the detailed balance condition in Eq. (11) does not hold in the regime of phase separation (0.75 1/(k F a) 1.7) [75] beyond the single impurity limit, because interactions between impurities cannot be neglected in this case. However, in this section, we focus on unitarity, 1/(k F a) = 0, which lies well outside this regime.
To obtain the free energy at arbitrary temperature, we employ Eq. (49) within the finite-temperature variational approximation. We plot in Fig. 4(a) the impurity free energy ∆F at unitarity for m = M and R * = 0. At zero temperature, we recover the ground-state polaron energy −0.61E F [59] , while at finite temperature we observe a striking non-monotonic dependence on temperature. Our results suggest that the effect of the impurity-fermion attraction is strongest at T 0.5T F , before tending towards zero as 1/ √ T at higher temperatures. We also compute the contact by applying the definition in Eq. (34) to the free energy in Eq. (49) to obtain
Equivalently, the contact can be extracted from the highfrequency tail of the ejection spectrum according to the relation [41] The high-frequency tail is challenging to obtain numerically so we use Eq. (52) to calculate C in following, but we have checked that it agrees with Eq. (53) . As shown in Fig. 4(b) , the contact also displays a nonmonotonic dependence on temperature that mirrors that of the impurity free energy. At T = 0, we obtain C = 4.28k F , the contact for the ground-state polaron [67] , while it decreases as 1/T in the high-temperature limit. The non-monotonic behavior implies that the excited states of the many-body system possess a larger contact than the ground state. This is consistent with the existence of a molecule-hole continuum in the spectrum, which can have a larger s-wave pair contribution than the polaron, similar to what has been found in the threebody system [77] . Our results in Fig. 4(b) agree well with recent experiments on the unitary Fermi polaron [18]see Ref. [44] for a comparison -and they differ from that observed in the spin-balanced case [3, 4, 78] , where the contact appears to be a monotonically decreasing function of temperature.
V. INFINITELY HEAVY FERMI POLARON
We finally turn our attention to the case of an infinitely heavy Fermi polaron. This is an instructive example, since the lack of impurity recoil means that the impurity spectra and dynamics may be calculated exactly [45] [46] [47] 79] . Furthermore, at zero temperature, the system features the so-called orthogonality catastrophe, where the ground state is always orthogonal to the noninteracting state, and the spectra display power-law singularities. This means that a comparison with the variational approach, which is based on an overlap with the non-interacting state, is particularly interesting. While the T = 0 ground state energy is known from Fumi's theorem [48] , here we show that the impurity thermodynamic properties, i.e., the free energy and the contact, may also be calculated exactly at finite temperature.
A. Model
In the case of an infinitely heavy impurity, we can simplify the model by noting thatĤ imp = 0, and that consequently we can remove theĉ ↑ degree of freedom. The interaction part of the Hamiltonian in Eq. (39) therefore reduces to [80, 81] 
whered ≡ kd k is a fermionic operator. Solving the two-body impurity-fermion problem now amounts to diagonalizing a bilinear Hamiltonian. The result is [81] 
where the coefficients are
and κ b is defined in Eq. (42) . Here, T is the scattering T matrix, and we have chosen the boundary condition corresponding to an outgoing scattered wave, such that T ( k +i0) = −(2π/m)f (k), with the scattering amplitude defined in Eq. (40) . We have also introduced a notation where k ∈ R 3 ∪ {iκ b } if a > 0 (the latter case arises from the presence of the bound state) and k ∈ R 3 if a < 0. The sum over momentum p in Eq. (55) excludes the bound state contribution.
B. Functional Determinant Approach
The spectrum of an infinitely heavy impurity can be calculated exactly using a method termed the functional determinant approach (FDA), which was first introduced in Ref. [79] and has been discussed in several recent works [45] [46] [47] . The ejection [47] and injection [46] spectra are I ej (ω) = dt 2π e iωt Det 1 −n int +n int e iĥintt e −iĥ0t , (57a)
wheren 0 = 1/[e β(ĥ0−µ) +1],n int = 1/[e β(ĥint−µ) +1], witĥ h 0 andĥ int the single-particle counterparts ofĤ 0 and H int , respectively. Once again, µ is the medium chemical potential. Since the FDA incorporates finite temperature and allows a separate calculation of the two spectra, it provides a platform to explicitly demonstrate the spectral relationship (28) .
C. Spectral functions Figure 5 shows the exact ejection and injection spectra at unitarity in the single-channel limit (R * = 0). To illustrate the evolution from a quantum to a Boltzmann gas, we show our results for a range of temperatures, from close to T = 0 up to T = 2T F . At low temperatures there are significant differences between the injection and ejection spectra. In particular, the injection spectrum displays two peaks, corresponding to the attractive and repulsive branches, respectively, while the ejection spectrum contains only a single peak. This is because, from Eq. (28), the repulsive branch in the injection spectrum is suppressed by the exponential factor e −βω , leading to a strong suppression of spectral weight below 0.5E F in the ejection spectrum. Likewise, the highfrequency tail in the ejection spectrum associated with the Tan contact [38, 41] leads to the existence of an exponentially suppressed tail below −0.5E F in the injection spectrum for all finite temperatures. At higher temperatures T 0.6 T F , both injection and ejection spectra display a single peak that becomes increasingly narrow and centered around ω = 0 with increasing temperature. This conforms with the expectation that the effect of interactions vanishes in the high-temperature limit. Importantly, we have checked numerically that the injection and ejection spectra in the figure are simply related via Eq. (28b), explicitly verifying the detailed balance relationship.
In Fig. 6 , we take advantage of the fact that we have an exact solution to benchmark the ejection spectrum calculated within our finite-temperature variational approach. We see that the low temperature T ≤ 0.2T F result shows some deviation between the variational approach and FDA. However, as we increase the temperature, the agreement becomes excellent, until at high temperature, T 2T F , there are minor differences arising due to the Gaussian broadening that we applied to accelerate our computation. Note that the corresponding Here we take unitarity limited interactions and the single channel limit, i.e., 1/a = R * = 0.
FIG. 6. Comparison between the finite-temperature variational approach (red dashed) and the FDA (blue solid) ejection spectra for an infinitely heavy impurity immersed in a Fermi gas at a range of temperatures. We set 1/a = 0 and R * = 0. For computational convenience, we applied a Gaussian broadening on all variational spectra with broadening parameter σ0 = 0.05EF which is the main source of discrepancy at T 2TF .
comparison for the injection spectrum was carried out in Ref. [28] , where excellent agreement was demonstrated. However, the comparison for the ejection spectrum has remained inaccessible until the introduction of the spectral relationship in Eq. (28) .
Similar to the case of the mobile Fermi polaron discussed in Sec. IV, we can extract the peak position in the ejection spectrum. The result is shown in Fig. 7(a) , where we see that initially, for T T F , the peak moves to slightly higher frequencies before eventually approaching zero when T 0.2T F . This is qualitatively similar to the behavior for the mobile impurity, shown in Fig. 3(b) , however the origin of the non-monotonicity is different. In the present case, the low-temperature peak is strongly asymmetric due to the presence of a power-law singularity in the spectrum [see Fig. 5 (a)] and this nonmonotonicity is what translates into an initial upwards shift in peak position with temperature.
We also extract the full width at half maximum ∆ω [see Fig. 7(b) ] and find a linear temperature dependence at low temperature. This is consistent with the findings of Ref. [47] , but it is qualitatively different from the quadratic relationship for the mobile impurity observed in Ref. [18] and theoretically found in Ref. [43] . This difference stems from the lack of impurity recoil for the infinitely heavy impurity, which means that the ground state does not correspond to a well defined quasiparticle. At high temperature, ∆ω ∼ T −1/2 which is the same as for the mobile impurity [18] . FIG. 7 . Temperature dependence of the ejection spectrum peak position ωP (a) and full width at half maximum ∆ω (b) for an infinitely heavy impurity. We take 1/a = 0 and R * = 0.
D. Thermodynamic properties
For an infinitely heavy impurity, the interacting manybody problem becomes effectively a single-particle problem interacting with a local potential. At zero temperature, the impurity free energy is simply the ground-state energy, which can be calculated according to Fumi's theorem [48] :
where the scattering phase shift at energy E = k is defined as usual from −k cot δ 0 (k) = 1/a+R * k 2 . According to Eq. (34), this results in the contact
We now generalize Fumi's theorem to finite tempera- ture. It is simplest to start from the contact
where we used the diagonal form of the interacting fermions, |B k ≡B † k |0 withB k defined in Eq. (55), and |0 is the vacuum state. Equation (60) is the natural generalization of the zero-temperature expression (59) .
We obtain the impurity free energy by integrating the contact in Eq. (60) from the non-interacting limit:
Remarkably, the thermal average completely separates from the interaction part in the first term in Eq. (60) . Therefore, we obtain the straightforward generalization of Fumi's theorem [48] to finite temperature:
where the tildes indicate that the corresponding terms are evaluated at the scattering lengthã. The expressions for the contact and impurity free energy in Eqs. (60) and (62) allow us to easily evaluate these at arbitrary interaction strength and temperature. For instance, at unitarity and in the single-channel limit (1/a = R * = 0), we obtain
and
In Fig. 8 we show our results for the impurity free energy and the contact in the single-channel limit. We consider various values of the scattering length, including unitarity. Generically, we see that both the free energy and the contact are monotonic functions of temperature, which is qualitatively different to the equal-mass case discussed in Sec. IV -see Fig. 4 . This illustrates the crucial difference between the fixed and the mobile impurity: In the present case, the ground state does not correspond to a well-defined quasiparticle, and therefore there is not a strong distinction between the contact of the ground state and those of the many-body continuum. Figure 9 illustrates that it is possible to engineer the phase shift such that the free energy and the contact become non-monotonic. Indeed, for a finite R * , as considered in the figure, the absolute value of the scattering amplitude itself can become non-monotonic for negative a, which in turn can lead to a similar feature in the thermodynamic properties. However, note that the system still features the orthogonality catastrophe, and hence this qualitative change in the thermodynamics does not arise from a fundamental difference in the low-energy states. for an infinitely heavy impurity, where we have taken 1/a = 0 and R * = 0. The red dashed line is the equilibrium contact of the interacting many-body system, which is equivalent to C(t → ∞).
We end with a brief discussion of impurity dynamics when the system is out of equilibrium. In the following, we consider the "perfect quench" injection protocoli.e., the instantaneous rf transfer of the impurity into the interacting state ↑ -and calculate the resulting timedependent contact. Note that this can be measured in an experiment similar to those in Refs. [16, 49] .
For the fixed impurity, the contact is closely related to the dimer density -see Eq. (60) . In order to apply the FDA, we need to transformd †d into an exponential form. This can conveniently be done using the exact transformation [82] 
Then, similarly to Eq. (57), we obtain
In Fig. 10 we show the resulting contact at unitarity as a function of time following the quench. We see that at T = 0 the contact initially increases rapidly at the Fermi time scale t F ≡ 1/E F , until at longer times it oscillates before reaching its equilibrium value. On the other hand, the oscillations are suppressed by finite temperature. In all cases, the contact saturates to its equilibrium value at long times, in agreement with the eigenstate thermalization hypothesis.
VI. CONCLUSION
To conclude, we have considered the properties of an impurity in a medium at thermal equilibrium and we have shown that the seemingly distinct processes of injection and ejection spectroscopy are intrinsically linked by a detailed balance condition. This is not obvious at first glance, since the injection spectrum often features additional peaks compared with the corresponding ejection spectrum. Our analysis has furthermore revealed that the thermodynamic properties such as the impurity free energy and contact are encoded in the ratio of the injection and ejection spectra at any frequency, rather than being linked only with the high-frequency tail of the ejection spectrum [38] or the high-momentum occupation [54] .
For the case of the mobile Fermi polaron, we demonstrated that the impurity free energy and contact are non-monotonic functions of temperature at unitarity, with the latter being in very good agreement [44] with recent experiment [18] . We also obtained injection and ejection spectra at unitarity, and we found that the position of the attractive polaron peak displays a similar non-monotonic dependence on temperature.
Investigating the infinitely heavy Fermi polaron allowed us to explicitly verify the detailed balance relationship, since the injection and ejection spectra can be calculated exactly in an independent manner. We also compared the exact ejection spectra with our finitetemperature variational approach [28] , and obtained good agreement, further illustrating the utility of this technique in investigating a variety of impurity problems. We furthermore demonstrated that the impurity free energy corresponds to the generalization of Fumi's theorem to finite temperature, and used this to obtain the exact impurity contact at any temperature and interaction strength. As opposed to the case of the mobile Fermi polaron, the impurity free energy and contact are monotonic functions of temperature at unitarity, which we have argued is connected to the presence of the orthogonality catastrophe in this problem.
The detailed balance condition linking ejection and injection spectroscopy and their relation to the impurity free energy are independent of dimensionality and of the details of the medium. The theory that we have presented in this work therefore provides a versatile tool for the investigation of the numerous quantum impurity sce-narios emerging in the cold-atom context and beyond.
In the main text, we have assumed that we have two impurity states, |↑ and |↓ , where only state |↑ interacts with the medium. We now show that we can derive a detailed balance condition for the case when state |↓ also interacts with the medium. Note that, in this case, the detailed balance condition is not momentum resolved.
In analogy with the formalism in Section II, we define interacting impurity+medium states for impurity in state |σ as |ν σ with associate energy E νσ and partition function Z int,σ . The transfer rate from state |↑ to |↓ at a given frequency ω is now
Likewise, we have
Therefore, we conclude that
This reduces to Eq. (11) when state |↓ does not interact with the medium.
Appendix C: Relating spectral functions to the time-dependent impurity operator
Here we show the details of how to obtain Eq. (15) from Eq. (7) . Take A ej (p, ω) as an example:
First, we write the delta function as an integral
Then we use n e −βEν Z int ν|ĉ † p↑ |n n|ĉ p↑ |ν e i(Eν −En)t = n ν|ρ int e iĤinttĉ † p↑ e −iĤ0t |n n|ĉ p↑ |ν
where in the last step we replaced H 0 by H int when it acts on the medium-only states, removed the complete set of medium states, and used the definition of the time-dependent impurity operator in Eq. (16) . Gathering terms in Eqs. (C1)-(C3), we arrive at Eq. (15a), namely 
In a completely analogous fashion we arrive at Eq. (15b) for the injection spectral function.
Appendix D: Spectral functions for a finite density of impurities
In this appendix, we discuss the decomposition of the grand canonical impurity spectral function into a particle and a hole contribution, as discussed in Sec. II D, as well as the detailed balance condition between these. We start by inserting the definition of the spin-↑ Green's function, Eq. (20) , into the equation for the total spectral function:
where the trace is taken over eigenstates ofK, and we inserted an additional complete set of states ofK. The states denoted |ν obviously contain one more impurity particle than the states denoted |ξ , which means that the dependence on chemical potential in the phase cancels. Since Re .
(D2)
The detailed balance condition for a finite impurity density can be found by using the properties of the delta functions, together with the expressions for the expectation values of the density matrix:
Thus, we have the detailed balance condition in Eq. (24), namely A − (p, ω) = e −β(ω−µ ↑ ) A + (p, ω). 
